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ABSTRACT 
Suppose K, and K, are proper polyhedral cones in vector spaces E, and E, 
respectively. Then P(K,, I&), the set of operators mapping K, into K,, is also a 
proper polyhedral cone. Properties of the extremal operators in this cone are 
examined in the first part of this paper, In later sections some new characterizations 
of indecomposable cones are given, and the structure of the cone P( C, K) is 
examined, where C and/or K is decomposable. 
1. INTRODUCTION 
A cone K is a nonempty subset of a vector space which is closed under 
addition and nonnegative scalar multiplication. In addition, if K n ( - K ) 
= {0}, then K is pointed, and if K contains a complete set of basis vectors, K 
is full. If K is closed and all the above properties hold, K is said to be a 
proper cone. 
An extreme element in a proper cone is a nonzero element of the cone 
which is a sum of two elements of the cone only if these two elements are 
linearly dependent. An extreme ray in a proper cone is a ray generated by an 
extreme element of the cone. A minima2 generating set of extreme elements 
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of a proper cone is a set of extreme elements, one lying in each extreme ray 
of the cone. A proper polyhedral cone is one which has a finite number of 
extreme rays. If a proper cone in an n-dimensional vector space has exactly n 
extreme rays, it is called simplicial. 
Let K,, K, be proper cones in real vector spaces E,, E, respectively, and 
let P(K,,K,) be the set of all linear operators A from E, into E, such that 
AK, c K,. Then P(K,, K,) also forms a proper cone in the space of all linear 
operators from E, into E,. These operators are called (K,, K,)-positive, or, 
where no confusion arises, simply positive. We shall be interested in the 
properties of extreme operators of P(K,, K,), particularly when K, and K, 
are polyhedral. Similar questions for E, = E, and K, = K, have been studied 
in [l, 2, 41. 
If E is a vector space over the real field, we denote by E* its dual space. 
If x E E and y E E*, we denote by (x, y) the value of the functional y at the 
point X. In particular, if E = E* is the arithmetic vector space of all column 
vectors of length n, 
(x, y) = y =x. 
If E, and E, are two vector spaces over the real field, we write 
Hom(E,,Ea) for the space of all linear operators from E, into E,. If p2EE2, 
q1 EE:, then we denote by p’@q’ the rank one operator in Hom(E,,E,) 
defined by the formula 
( P2@‘q’h) = &9i)P2 
for all XEE,. If p’EE,, 92EE z, then the tensor 92@p, defines a linear 
functional on Hom(E,,E,). If we set 
it is easy to see that every linear functional on Hom(E,,Ea) is a sum of such 
elementary tensors. 
2. A PRELIMINARY RESULT 
Let F be a set of linear functionals on a vector space E of dimension n. 
Consider the set 
F*={xEE:(r,f)>OforallfEF}. 
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It is evident that F* is a cone in the space E; F* is called the dual cone for 
the set F. Clearly, F is a closed cone if F ** = F. If F is a proper polyhedral 
cone, so is F*. 
The following lemma is well known and easy (see [3, Theorem 3.21). 
LEMMA 2.1. Suppose F* is polyhedral. Let p E F*, p #O. Then these are 
equivalent: 
(1) p generates an extreme ray of F*, 
(2) there exists a subset F,cF, consisting of n- 1 linearly independent 
functionals, such that 
(pf)=O for all f E Fo. 
3. POSITIVE OPERATORS 
Suppose K, and K, are proper polyhedral cones in vector spaces E, and 
E, of dimensions n1 and narespectively, with dual cones K: and K,* in ET 
and E,*. We denote by p,‘, (i = 1,. . . , r,), p,? (i = 1,. . . , r2), q: (i = 1,. . . ,sJ and 
q:, (i = 1 , . . . , s2) minimal generating sets of extreme elements of K,, K,, KF 
and Kg, respectively. 
The following theorem gives a simple characterization of the operators 
and the extreme operators in the cone P (K 1, K,). This theorem is known (see 
[a, Lemma 9]), but a proof is included for the sake of completeness. 
THEOREM 3.1. Suppose K, and K, are proper polyhedral cones. Then the 
following properties hold: 
(1) An operator A in Hom(E,,E,) is (K,, K,)-posit&e if and only if 
(A,q;C3pi’) >O 
for all functionals of the form q,!@ pi (i = 1,. . . , rl; i = 1,. . . ,sz). 
(2) A is extreme in P(K,,K,) if and only if equality holds in the above 
relationship for nlnZ - 1 linearly independent functionals, q,2@p,!. 
Proof. Since (A, qF@ pi) = (Api, q;), the proof of (1) is obvious. Part 
(2) follows from Lemma 2.1, since the dimension of the operator space, 
Hom(E,, E,), is n1n2. n 
The following known results follow as corollaries to Theorem 3.1. 
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COROLLARY 3.2. The set P(K,,K,) is a polyhedral cone in Hom(E,,E,). 
COROLLARY 3.3. An operator A EHom(E,,E,) is positive with respect to 
K, and K, if and only if AT is posit&e with respect to E,* and K:. 
THEOREM 3.4.’ 
(1) lf A is a positive operator of rank one in P(K,, K,), where K, and 
K, are proper polyhedral cones, then A may be expressed as a nonnegative 
combination of the operators p,?@q:. 
(2) Each operator of the form pf@q: is an extreme positive operutor of 
rank one. 
Proof of (1). Suppose A = u 8 v E P(K,, K2). Since A#0 and K, is 
proper, there is an extreme vector p: in K, such that Ap~=(v,p~)u#O. If 
(0, p,‘) < 0 we may write A = ( - a) @ ( - v); thus we can assume without loss 
of generality that (v,pi) > 0 and, since A E P(K,,K,), it follows that u E K,, 
so that u is a nonnegative combination of the vectors p,?. Also, since for every 
vector p in K,, the vector Ap = (v,p)u E K,, we must have (v, p) > 0 for all 
p in K,, so v E KT and the proof is complete. n 
Proof of (2). Suppose pf@q;= A,+Aa, where A,,A,E P(K,,K,), A,,A, 
# 0. Then for all x E K,, we have A,x,A,x E K,, and 
A,.r+A,x=(q;,x)p,? 
This implies that A,x and A,x are multiples of pf for each x, since p’ is 
extreme. Thus since K, is proper, A, and A, have rank 1, and are of the form 
A, = pF@vl, A, = p,?@ vs. Since A, and A, are positive, it follows that vi and 
t‘a both belong to KT. Since 
the functionals oi and 2;a are multiples of qt, and thus the operators A, and 
A, are linearly dependent. n 
In general the rank-one operators pi@ qi are not the only extreme 
elements in P(K,,KJ, as is shown in the corollary to Theorem 3.1 which 
follows. 
‘Part (2) of Theorem 3.4 was obtained independently by Michael Poole. [4] It follows also 
as a corollary to Theorem 3.1 above. 
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COROLLARY 3.4. lf K,=K,= K, the identity matrix is extreme in P(K) 
if and only if there exist n2- 1 linearly independent functionals, qi @ pi, such 
that ( pi, q!) = 0. 
4. INDECOMPOSABLE CONES 
The notion of indecomposable cones has been introduced independently 
by R. Loewy and H. Schneider [3]. We give an equivalent definition. 
PROPOSITION 4.1. Let C be a proper cone in the space E. Then the 
following two conditions are equivalent. 
(1) There exists a nontrivial direct decomposition 
E=E,@Ei 
such that C=(C n E,)@(C n E,). 
(2) There exists a nontrivial direct decomposition E = E,G3 E, such that 
the corresponding projections P, and P2 are positive with respect to C. 
A proper cone C is called decomposable if one of the conditions os 
Proposition 4.1 is satisfied. (Notation: C = C,@ C,.) 
Proof. 
(l)*(2). Define Pl and P2 as the projectors on E, and E,, respectivel! : 
(l), every z E C may be written in the form z = .zr + z2 with .zi E C: 
i = 1,2. Since the decomposition E, G3 E, is direct, z, = Piz, i = 1,2. t i 
Piz E C, and (2) follows. 
(2)*(l). Let (2) be fulfilled, and ZE C. Then Piz E C, and at th ‘. 
time piz E Ei, i = 1,2. Consequently, 
and the proof is complete. 
THEOREM 4.2. Suppose that C and K are proper cones in the vector 
spaces E and F respectively. Zf either C or K is decomposable, then P(C,K) 
is decomposable. 
Proof. If K is decomposable, there is a direct decomposition of F such 
that the decomposition projections P, and P2 are positive with respect to K. 
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Define the following subspaces of Hom(E,F): 
Hi={TEHom(E,F):PiT=T} (i = 1,2). 
Clearly H, n H, = 0; at the same time, each T EH~~(E,F) may be written in 
the form T= P,T+ P,T with P,TE H, and P,TEH,. Then An P,A and 
A n P,A are two complementary projections in Hom(E, F) which are both 
positive with respect to P( C, K ). 
Similarly, if C is decomposable, we can define the corresponding sub- 
spaces 
Hj={TEHom(E,F):TPi=T} (i=1,2); 
the situation is analogous. l 
Let us mention an obvious observation: 
For n > 2, the simplicial cone (i.e., the convex hull of n linearly indepen- 
dent rays) is decomposable; hence any indecomposable proper cone in 
n-space has at least n + 1 extreme rays. 
I 
THEOREM 4.3. 
(1) Any proper cone in a one-dimensional space is indecomposable. 
(2) No proper cone in a two-dimensional space is indecomposable. 
(3) For each n > 2 there exists in n-dimensional space an indecomposable 
proper polyhedral cone. 
Proof. (1) is obvious. To prove (2), it suffices to observe that every 
proper cone in two-dimensional space is simplicial, hence decomposable. (3) 
follows from the following example: 
EXAMPLE , For n > 3, let k be an integer, 2 < k G n - 1. Let p,, . . . ,p, be 
linearly independent vectors in an n-dimensional space E, and let p,,+ 1 be 
defined by 
7rl-m pl,...,pn+, are nonnegatively independent (i.e., none of these vectors 
is in the convex hull of the remaining vectors), and their convex hull is a 
proper cone C. This cone is indecomposable, and the set of extreme vectors 
of the dual cone is 
I qiil> i=l,...,k, j=k+l,...,n+l, 
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where qii is a vector determined up to a positive factor by 
< PC 4ij) = 0, r=l ,...,n+l, i#r#j; < Pi* qjf) > O. 
To show this, we note that (*) is the only relation between the vectors 
PI,..., p,,, r, so that 
n+l 
Pi = 2 akPk 
k-l 
k#j 
is never fulfilled with ok > 0. 
Suppose that C is decomposable and that E = E, (33 E, is a direct decom- 
position such that 
C=(CnE,)@(CnE,). 
Let iE{l ,...,n+l}. Since pi is extreme, pi=q+r, qECnE,, rECnE, 
implies q=Xp,, r=ppi, X+y=l, so that either X=0, ,~=l or X=1, p=O. 
Thus, each pi belongs to exactly one of the spaces E,,E,. 
Let E, contain n, of the vectors pi, and let E, contain n2 of these vectors. 
Since E, # Ef E,, we have n, < n, n2 < n, so that the corresponding vectors 
in both E, and E, are linearly independent. Thus the sum of their dimensions 
is at least n + 1, and E = E, + E, is not direct. 
To find the extreme vectors of C*, we shall apply Lemma 2.1. A nonzero 
vector q E C* can be extreme only if ( p,, q) = 0 for n - 1 linearly indepen- 
dent extreme vectors pi. Let this be satisfied. Since any n (and thus n - 1) of 
the vectors pl,...,p,+, are linearly independent, let i, j (i # i, i, i = 1,. . . , n + 
1) be the two remaining two indices. Thus 
From (*) it follows that this can happen only if one of the indices i, i belongs 
to {l,..., k} and the other to {k + 1 , . . . , n + I}. Such a vector q is uniquely 
determined up to a positive factor and by Lemma 2.1 generates an extreme 
ray of C*. The proof is complete. n 
THEOREM 4.4. Suppose C and K are proper cones in the vector spaces E 
and F respectively. Let A E P( C, K) be an extreme positive operator. Then 
the image AC is an indecomposable cone. 
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Proof. Suppose that AC is decomposable. Denote by H its linear space. 
According to Proposition 4.1, there exists a direct decomposition H = H,@ 
H2 such that the corresponding projections P, and P2 map AC into itself. 
Consider the decomposition 
A=P,A@P,A. 
Both P,A and P2A are different from zero, since the range of AC generates 
H. Clearly P,A and P2A are linearly independent, since their ranges belong 
to two different direct summands. Hence A cannot be extreme, a contradic- 
tion. W 
COROLLARY 4.5. Zf C and K are proper cones and A E P(C, K) is an 
extreme operator, then the rank of A is different from 2. 
Proof. Follows immediately from Theorem 4.4 and (2) of Theorem 4.3. 
n 
The following theorem has been obtained independently by R. Loewy 
and H. Schneider [3]. Their proof is different. 
THEOREM 4.6. A proper cone K in an n-dimensional vector space is 
indecomposable if and only if the identity operator is extreme in P(K). 
Proof. If the identity operator is extreme, it follows from Theorem 4.4 
that K is indecomposable. On the other hand, suppose I= A, + A,, with 
linearly independent A, E P (K, K ), where K is indecomposable. Since K is 
proper, there exist n linearly independent extreme vectors pi E K such that 
so that A, pi and A2 pf both are multiples of pi. It follows that each of the 
operators A, and A, has n linearly independent eigenvectors. Now any 
operator A with n linearly independent eigenvectors may be written in the 
form A = I&P,, where the operators Pt are projections on the spaces N (A - 
hZ), and h, runs over the spectrum of A. Since A, and A, are linearly 
independent, the spectrum of one of them must contain at least two distinct 
elements. The corresponding projections are all nonnegative, so K would be 
decomposable. n 
This theorem, together with Corollary 3.4, provides another characteriza- 
tion of indecomposable polyhedral cones. 
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THEOREM 4.7. If K is a proper polyhedral cone in an n-dimensional 
vector space, then K is indecomposahle if and only if there exist n2 - 1 
linearly independent functionals 9i 63 pi, such that ( pi, 9i) = 0, where the vec- 
tors { pi} are extreme in K and the vectors { yi} are extreme in K*. 
THEOREM 4.8. Consider two proper cones C c E and K c F such that 
Denote by Ei the linear space of C, and by Pi the projection of E onto Ei 
defined by the relations Pjx= x for XE Ei and P,x=O for x E Ei, with j 
different from i. The subspaces F,, . . . , F, and projections QI,. . , , Q, will have 
an analogous meaning for the space F. Let A E Hom(E, F), A #O. Then the 
following conditions are equivalent. 
(1) The operator A I on an extreme ray of the cone P (C, K). 
(2) There exists a pu.r of indices (i, j) (1 Q i < r, 1 Q j < s) such that QiAPi 
lies on an extreme ray of the cone P (C,, Ki) and Q,APk = 0 whenever t # i or 
kii. 
Proof Suppose first that condition (2) is satisfied. It follows that A 
= QiAP,. If A=A,+ A,, where both A,,A,EP(C,K), then we have 
A = Q,AP, = QiA,Pi + Q,A,P,. 
Since QiAP, is extreme, the two operators on the right-hand side are linearly 
dependent. At the same time, if t # j or k # i, we have 0 = Q,APk = QtAIPk + 
Q,A,P,. Since both QtAIPk and Q,AzPk E P(C,, K,) and K, is pointed, it 
follows that Q,A,Pk = Q,AzPk =O. This means that A,= QiAIPi and A, 
= Q,A,P,. Hence A, and A, are linearly dependent, so that A is extreme. 
To prove the other implication, suppose that A is extreme. Write A as a 
sumover l<i<r, l< j<s: 
A = x Q,AP,. 
i,i 
There is at least one pair j,i such that the corresponding Q,AP, is different 
from zero. Every other operator Q,APk must be a multiple of QiAPi: 
Q,APk =&,Q,AP,. 
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Such a relation, however, is impossible with X, #O if either k# i or t # i. It 
follows that Q,AP, = 0 for all pairs (t, k) different from the pair ( i, i). n 
We wish to thank Michael Poole for helpful suggestions. 
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